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Abstract. We analyze conformational properties of branched polymer structures,
formed on the base of Erdo¨s-Re´nyi random graph model. We consider networks
with N = 5 vertices and variable parameter c, that controls graph connectedness.
The universal rotationally invariant size and shape characteristics, such as averaged
asphericity 〈A3〉 and size ratio g of such structures are obtained both numerically by
application of Wei’s method and analytically within the continuous chain model. In
particular, our results quantitatively indicate an increase of asymmetry of polymer
network structure when its connectedness c decreases.
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1. Introduction
Size and shape characteristics of individual polymer macromolecules in solvents are of
interest in many aspects. The shape of proteins impacts their folding and motion in
the cellular environment [1, 2], the hydrodynamics of polymer solutions is affected by
the size and shape of individual macromolecules [3]. In the pioneering work of Kuhn [4]
it was shown analytically, that flexible polymer chains in solvents form the crumpled
anisotropic coil shapes, resembling rather prolate ellipsoids than spheres. This confirmed
experimental observations of the viscous properties of polymer solutions, which appeared
to differ from those predicted by the theory of sphere-like molecules [5].
It is convenient to describe and classify the size and shape properties of polymer
configurations in terms of invariants of gyration tensor [6, 7], such as the averaged
asphericity 〈A〉 (here and below, 〈. . .〉 denotes an average over an ensemble of all
possible polymer configurations). This quantity equals zero for symmetric spherical
configurations, and takes a value of one for completely anisotropic rod-like structures,
so that the inequality holds: 0 ≤ 〈A〉 ≤ 1. An overall size of any polymer structure
can be characterized by the mean-square radius of gyration 〈R2g〉. To compare the size
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Figure 1. Schematic presentation of possible configurations of random graphs with
N = 5 vertices and connectedness c. Only connected configurations are presented.
Configurations at fixed c are classified by the set of their vertex degrees, written in
descending order below each configuration. For each c, one gets n topologically different
configurations.
measures of any complex polymer structure 〈R2g〉complex and that of the linear polymer
chain 〈R2g〉chain of the same total molecular weight (same number of monomers), their
ratio g is introduced. This value is universal in the sense, that it is defined only
by topological architecture of a complex polymer, but not by details of its chemical
structure. Originally, the size ratio was proposed by Zimm [8] for star-like branched
polymer structures. In Zimm model, the polymer chain is Gaussian and can be
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considered as a random walk (RW) trajectory. This approach allows to obtain exact
values for polymer conformational characteristics. Since then, a considerable attention
has been paid to analysis of size and shape characteristics of macromolecules of linear
[9–15], circular [9–11,13,16], and branched [17–21] architectures; in particular the non-
trivial influence of excluded volume on these characteristics has been analyzed.
Hyperbranched polymer structures and polymer networks attract considerable
attention both from academic [22–25] and commercial [26–28] perspective. Branched
polymer networks are the building blocks of materials like synthetic and biological
gels, thermoplastics, elastomers. The unique properties of these materials such as low
viscosity, high solubility and temperature stability as well as high functionality causes
their wide application in fields including drug delivery systems [29], tissue engineering
scaffolds [30], development of antibacterial/antifouling materials [31] gas storage [32]
etc.
In general, polymer networks can be considered as random structures organized in
process of formation of numerous random chemical bonds (crosslinks) between initial
linear polymer chains (strands). The basis of the polymer network is the junction point,
from which linear paths emanate [33] (a junction is considered as a branching point when
the number of outgoing strands (functionality) is more than two). The distribution of
junction points in covalent networks is defined by chemical functionalities of reactant
monomers along initial polymer chains. Some network materials, such as polyurethanes
and polyester resins, are often formed on the basis of reactants which carry their reactive
groups (possible junction points) at the ends of chains; such networks are formed
by endlinking polymerization. A network may be formed also by the intermolecular
association of polymers, e.g. through hydrogen bonding, producing so-called physical
networks, such as synthetic and biological gels [34, 35]. The associating polymer (AP)
networks are of particular interest in this respect. An AP is a water-soluble polymer
that contains associative groups (stickers) along its backbone [36, 37]. The stickers on
the chains tend to gather in solvent to form a physically cross-linked network via the
temporal junction of stickers that has a finite lifetime.
Statistical methods of modeling of polymer network formation are the question of
great interest. These branched crosslinked structures are usually formed by establishing
links within the set of polyfunctional molecules (units) which are called polymer
networks precursors [38]. In the language of mathematical graphs, such polymer
units can be treated as vertices, and their chemical functionalities as degrees of these
vertices (number of paths eliminating from junction points in polymer networks formed).
Starting from the set of polymer units with given distribution of chemical functionalities,
the formation of polymer network with known properties results. For example, the
polymer networks with a power law distribution of functionalities of junction points
(corresponding to the so-called scale-free networks) have been constructed and analyzed
recently in Refs. [39,40].
Topological characteristics of branched polymer networks underlying the structure
of injectable hydrogels are important because of their ability to fill cavities with irregular
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shapes and sizes in drug delivery systems [29]. Note however, that not much attention
has been paid so far to analysis of size and shape characteristics of hyperbranched
complex polymer structures. We should mention the results for some deterministic
structures of comb-like topologies [19–21]. In the present work, we will turn attention
to polymer networks, formed on the base of random graph model of Erdo¨s and Re´nyi [41].
We consider the set of graphs with fixed number of vertices N = 5 and number of links
L = cN(N − 1)/2 between them. The parameter c (changing in range 0 ≤ c ≤ 1) is
introduced as graph connectedness, taking on a value of 1 for completely connected graph
and 0 for a set of disconnected vertices (Fig. 1). We will evaluate the size and shape
properties of Gaussian polymer structures both numerically by applying the so-called
Wei’s method [42] and analytically within the frames of continuous chain model [43].
The layout of the rest of the paper is as follows. In the next Section 2, we introduce
the universal size and shape characteristics of polymer structures. In Section 3, we
shortly describe the model of complex polymer architectures we are interested in and
present the results, obtained by us by numerically (Subsection 3.1) and analytically
(Subsection 3.2). We end up with Conclusions.
2. Definitions
The size and shape characteristics of any polymer structure containing M monomers
and embedded in d-dimensional space can be characterized [44] in terms of the gyration
tensor Q with components:
Qij =
1
M
M∑
m=1
(xim − xiCM)(xjm − xjCM), i, j = 1, . . . , d. (1)
Here, xim is the ith coordinate of the position vector ~Rm of mth monomer and
xiCM =
∑M
m=1 x
i
n/M is ith coordinate of the center-of-mass position vector ~RCM .
The squared radius of gyration R2g, which measures the average distribution of
monomers with respect to the center of mass, is obtained as a trace of the gyration
tensor Q:
R2g = Tr Q =
d∑
i=1
Qii =
1
M
M∑
m=1
(~Rm − ~RCM)2. (2)
It is established, that the averaged value 〈R2g〉, where averaging is performed over
an ensemble of possible configurations of a given polymer structure, scales with number
of monomers M as:
〈R2g〉 ∼M2ν (3)
with the universal scaling exponent ν (see e.g. [47,48]). For the case of idealized Gaussian
polymer one has ν = 1/2, whereas taking into account an excluded volume effect leads
to d-dependence of this exponent.
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To compare the size measures of polymer network 〈R2g〉network and that of the
linear polymer chain 〈R2g〉chain of the same total molecular weight (the same number
of monomers M), the ratio is introduced:
g =
〈R2g〉network
〈R2g〉chain
. (4)
Originally, this value was introduced by Zimm [8] and evaluated for the so-called star
polymer architecture - the simplest representative of the class of branched polymer
structures, containing one junction point of functionality f . For the ideal Gaussian
case, this value has been obtained exactly
gstar =
3f − 2
f 2
, (5)
whereas for the Gaussian polymer structure in a form of closed ring one has [8]:
gring =
1
2
. (6)
Recently, this ratio has been evaluated [45] for so-called rosette structure, containing f1
closed rings and f2 linear chains, eliminated from the same branching point:
grosette =
f1(2f1 − 1) + 2f2(3f2 − 2) + 8f1f2
2(f1 + f2)3
. (7)
Note, that the above values (5)-(7) are obtained for the ideal Gaussian polymers
without taking into account an excluded volume effect. In such approach, the exact
values for g-ratio can be obtained by e.g. exploiting the so-called continuous chain
approach [43], under the condition that the architecture of polymer structure is not too
much complicated.
The spread in the eigenvalues σi of the gyration tensor (1) describes the distribution
of monomers inside the polymer coil and thus measures an asymmetry of the molecule.
For a symmetric (spherical) configuration all the eigenvalues σi are equal, whereas for the
completely stretched rod-like conformation all σi are zero except one. Let σ ≡ Tr Q/d be
the mean arithmetic eigenvalue of the gyration tensor. The shape of polymer structures
can be characterized in terms of rotationally invariant quantity called asphericity Ad,
defined as [6]
Ad =
1
d(d− 1)
d∑
i=1
(σi − σ)2
σ2
. (8)
To get experimentally observed average value 〈Ad〉 one has to perform averaging
over an ensemble of all possible polymer configurations. Note that many analytical
studies [6, 7, 45,46] avoid the averaging of the ratio in (8) due to essential difficulties in
calculations and evaluate the quantity:
Aˆd =
1
d(d− 1)
d∑
i=1
〈(σi − σ)2〉
〈σ2〉 , (9)
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where the numerator and denominator are averaged independently instead of “truly”
averaged asphericity
〈Ad〉 =
〈
1
d(d− 1)
d∑
i=1
(σi − σ)2
σ2
〉
. (10)
However, the latter value can be obtained for any complex Gaussian polymer
architecture (network) making use of the Wei method [42], which allows also to estimate
the corresponding size ratio (4). We describe this method below and apply it to evaluate
the size and shape characteristics of the set of polymer structures, constructed on the
base of Erdo¨s-Re´nyi random graph model.
3. The model and results
The model we propose here describes a set of Gaussian chains randomly linked in
junction points, which leads to establishing of a set of multiply branched architectures.
Let us start by constructing the graphs with given number of vertices N and number
of links L between them, defined by “connectedness” c. Parameter c gives the
concentration of links as compared with the complete (fully connected) graph (when
L = N(N − 1)/2 and c = 1). The averaged vertex degree is thus given by k = L
N
=
c(N − 1). For the case study described in details below, we have considered N = 5.
Such moderate number of vertices allows us to relate our model to real situations at
any value of c (and correspondingly at any vertex degree k, which in such case reaches
the maximum value of k = 4 for the complete graph with c = 1.0). Indeed, the vertex
degree in our description corresponds to the functionality of a junction point in real
polymer structure, defined by the chemical functionality of reactive monomers, which
normally does not exceed the value of 4 [35].
Note, that for the model case N = 5, concentration c = 0.9 corresponds to
L = 9, c = 0.8 to L = 8 and so on. We are interested only in all possible connected
configurations at given c. As a result, we obtain a set of graph configurations, presented
in Fig. 1. At c < 0.4, no connected graph with N = 5 vertices can be constructed.
To get polymer networks, we consider each link in such graphs as a polymer chain with
number of monomers (treated as vertices) l, and each vertex with degree k > 1 as a
junction point, so that the resulting graph contains M = N +L× l vertices. Schematic
presentation of such a polymer network corresponding to graph (4) at c = 0.7 with
l = 24 is given in Fig. 2.
3.1. Numerical results: Wei’s method
The size and shape characteristics of branched structures can be computed within the
method originally developed by Wei [42]. In general, Wei’s method is applicable to
connected network of any topology, if the Kirchhoff matrix and its eigenvalues are
defined. For the graph of M vertices, Kirchhoff M ×M matrix K is defined as follows.
Its diagonal elements Kii equal the degree of vertex i, whereas the non-diagonal elements
Shape analysis of random polymer networks 7
Figure 2. Schematic presentation of a polymer network, constructed on the basis of
the graph (4) at c = 0.7 (as presented in Fig. 1). Junction points are shown in blue,
l = 24 additional vertices-monomers (shown in green) are inserted along each edge
of the graph. In our analysis, we analyzed the structures with number of additional
vertices l in every edge up to 40.
Kij equal −1 when the vertices i and j are adjacent and 0 otherwise. Let λ2, . . . , λM be
(M −1) non-zero eigenvalues of the M ×M Kirchhoff matrix (λ1 is always 0). Provided
that the spectrum {λi} of matrix K is known, the asphericity of corresponding Gaussian
polymer structure in d dimensions is given by [21,42]:
〈Ad〉 = d(d+ 2)
2
∫ ∞
0
dy
M∑
j=2
y3
(λj + y2)2
[
M∏
k=2
λk
λk + y2
]d/2
, (11)
whereas the g-ratio of the radii of gyration of a network and that of a linear chain with
the same number of beads (monomers) is given by:
g =
∑M
j=2 1/λ
network
j∑M
j=2 1/λ
chain
j
, (12)
where λnetworkj and λ
chain
j are network and chain Kirchhoff matrix eigenvalues.
In principle, the above parameters are determined within the Wei’s approach by
extrapolating to infinite length of links l. This is the usual limit of an infinite polymer
chain, common in scaling theory of polymer macromolecules [47,48]. In our analysis, we
applied the numerical algorithm of growing chain to analyze the structures with number
of beads l in every link up to 40. In the rest of analysis presented in this paper we will
be interested in the case of polymer networks embedded in three dimensional space,
putting d = 3 in (11), (12). The set of eigenvalues of corresponding Kirchchof matrix
was evaluated in each case and values of 〈A3〉 and g were estimated according to Eqs.
(11)-(12).
Note, that in random process of constructing a graph with the fixed number of
vertices and links, each possible configuration appears with some probability, defined
by the number of its realizations. For the fully connected graph with c = 1, only
Shape analysis of random polymer networks 8
0 1 2 3 4 5
0,0
0,1
0,2
0,3
0,4
0,5
0,6
P(
n)
n
 c=0.4
0 1 2 3 4 5
0,05
0,10
0,15
0,20
0,25
0,30
P(
n)
n
 c=0.5
0 1 2 3 4 5
0,05
0,10
0,15
0,20
0,25
0,30
P(
n)
n
 c=0.6
0 1 2 3 4 5
0,0
0,1
0,2
0,3
0,4
0,5
P(
n)
n
 c=0.7
0 1 2 3 4 5
0,30
0,35
0,40
0,45
0,50
0,55
0,60
0,65
0,70
0,75
P(
n)
n
 c=0.8
Figure 3. Probabilities to obtain graph configurations numbered by n at different c.
Correspondence between number n and graph configuration is shown in Fig. 1.
one realization is possible. For the case c = 0.9 (L = 9), we again have only one
configuration, though it has 5 realizations, given by the number of possibilities to
choose a pair of vertices with degrees 3. For c = 0.8 (L = 8), there are two possible
configurations. The first one has 30 possible realizations, the second has 15 realizations.
Thus, we can introduce the probabilities for these configurations, p(1) = 30/45 = 2/3
and p(2) = 15/45 = 1/3 correspondingly.
Following the same way, for c = 0.7 (L = 7) we have 4 configurations with numbers
of realizations 10, 20, 60 and 30, correspondingly, so that p(1) = 1/12, p(2) = 1/6,
p(3) = 1/2, p(4) = 1/4, and so on. Probability distributions of graph configurations at
various c, obtained in our numerical simulations of graph formation, are presented in
Fig. 3.
Figures 4 and 5 present examples of simulation data for polymer networks,
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Figure 4. (a) Individual asphericities 〈A3(l)〉n of five different polymer network
configurations at c = 0.6, n = 1, . . . , 5 as shown in Fig. 1, obtained in numerical
simulations with application of Wei formula (11), as functions of a single link length l.
(b) Averaged asphericity 〈A3〉n of an ensemble of possible configurations at c = 0.6 as
a function of a single link length l.
constructed on the base of possible configurations of a graph with c = 0.6 (see the
third panel of Fig. 1) In Figs. 4a and 5a we show individual values 〈A3(l)〉n and g(l)n
for five different polymer networks topologies (n = 1, . . . , 5). We evaluate each quantity
at fixed link length l, calculating spectrum of eigenvalues of Kirchhoff matrices and using
Wei formulas (11), (12). In turn, we plot results as a function of l to observe the trend
to asymptotic limit. Indeed, for the finite link length l, the values of shape parameters
differ from those for infinitely long polymer chains. This finite-size deviation is usually
fitted by:
〈A3(l)〉 = 〈A3〉+ a/l,
g(l) = g + b/l, (13)
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Figure 5. (a) Individual size ratios g(l)n of five different polymer network
configurations at c = 0.6, n = 1, . . . , 5 as shown in Fig. 1, obtained in numerical
simulations with application of Wei formula (11), as functions of a single link length
l. (b) Averaged size ratio g of an ensemble of possible configurations at c = 0.6 as a
function of a single link length l.
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〈A3〉1 〈A3〉2 〈A3〉3 〈A3〉4 〈A3〉5 〈A3〉
c = 0.4 0.242(1) 0.328(1) 0.394(1) - - 0.356(1)
c = 0.5 0.224(1) 0.246(1) 0.320(1) 0.241(1) 0.246(1) 0.262(1)
c = 0.6 0.185(1) 0.226(1) 0.211(1) 0.198(1) 0.179(1) 0.199(1)
c = 0.7 0.150(1) 0.162(1) 0.163(1) 0.157(1) - 0.160(1)
c = 0.8 0.134(1) 0.132(1) - - - 0.133(1)
c = 0.9 0.114(1) - - - - 0.114(1)
c = 1.0 0.099(1) 0.099(1)
Table 1. Asphericity values 〈A3〉i of various polymer network topologies presented
in Fig. 1 and their weighted mean value 〈A3〉, evaluated on the basis of numerical
estimates of Eq. (11).
where a, b are constants. The shape parameter estimates can be obtained by least-square
fitting of (13). The results are presented in Tables 1, 2.
Remembering, that any graph configuration n on Fig. 1 is realized with some
probability p(n) (see Fig. 3), we may propose the following interpretation for real
polymer systems. Let us consider the mixture of associative polymer chains with
functional junction points, able to establish mutual links. Assume, that we are interested
in complex polymer structures, formed in such a mixture, with fixed number of junction
points N = 5 and some fixed number of polymer chains included (corresponding to
parameter L). This will correspond to considering with certain probability p(n) possible
configurations numbered by n at fixed c, presented in Fig. (1). Thus, we may be
interested in averaged values of asphericity and size ratio at fixed c, given by:
〈A3〉 =
∑
n
pn〈A3〉n, g =
∑
n
pngn, (14)
where 〈A3〉n, gn are corresponding values of individual configuration n. Resulting values
at each c are presented in the last columns of Tables 1, 2. We note, that the averaged
asphericity and thus the degree of asymmetry of typical polymer configuration increases
g1 g2 g3 g4 g5 g
c = 0.4 0.625(1) 0.812(1) 1 - - 0.895(1)
c = 0.5 0.461(1) 0.494(1) 0.605(1) 0.489(1) 0.500(1) 0.518(1)
c = 0.6 0.338(1) 0.374(1) 0.360(1) 0.350(1) 0.332(1) 0.351(1)
c = 0.7 0.259(1) 0.267(1) 0.268(1) 0.264(1) - 0.267(1)
c = 0.8 0.211(1) 0.210(1) - - - 0.211(1)
c = 0.9 0.179(1) - - - - 0.179(1)
c = 1.0 0.150(1) 0.150(1)
Table 2. Size ratio values gi of various polymer network topologies presented on Fig.
1 and their weighted mean value g, evaluated on the basis of numerical estimates of
Eq. (12).
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with decreasing the connectedness c of corresponding graphs. Also, the size ratio g
increases and tends towards the limiting value of 1 with decreasing parameter c. At
large c values, the configurations of polymer structures are more compact in space,
whereas at smaller c they become more elongated and resemble linear polymer chain of
the same total molecular weight.
Note, that some of graph configurations in Fig. 1 restore the polymer architectures,
already studied before, for which the exact values of the size ratio g are known. In
particular, the configuration (1) at c = 0.4 restores the star polymer, and its size ratio
is given by Eq. (5) with f = 4: g = 5/8, whereas (3) at c = 0.4 is a simple linear
topology with g = 1. Configuration (5) at c = 0.5 restores the ring polymer architecture
with the size ratio given by (6): g = 1/2. Configuration (2) at c = 0.6 is a representative
of rosette polymer architecture, whose size ratio is given by (7) with f1 = 2, f2 = 0:
g = 3/8. Note that the numbers quoted in Table 2 reproduce their exact counterparts
with nice accuracy. Similar accuracy is expected for the rest of the values given in the
Table where the exact results have not been obtained so far.
Whereas Wei’s method can be easily applied to evaluate the shape characteristics of
Gaussian polymer structure of any topology, an analytical approach based on continuous
chain model allows to derive the exact values of these characteristics. However, the
latter method encounters limitations caused by cumbersome calculations with growing
complexity of polymer architecture. In the next Subsection, we apply the continuous
chain model to evaluate the size ratio g of some structures depicted on Fig. 1 in order
to compare them with our numerical results.
3.2. Analytical results: continuous chain model
Another approach that can be used to describe and analyze the polymer structures
presented in Fig. 1 is based on the continuous chain model proposed by Edwards [43].
Within this model a polymer chain is presented as a trajectory of a certain length
S, that can also be associated with the number of monomers [48]. This parameter
corresponds to parameter l in previous Section. The trajectory can be parametrized by
a radius vector ~r(s), with 0 ≤ s ≤ S [43]. The Hamiltonian of a single trajectory in the
Gaussian case is given by:
H =
1
2
∫ S
0
(
d~r(s)
ds
)2
, (15)
which takes into account the connectedness of the trajectory, the latter is allowed to
cross itself. The partition function (number of configurations) of a single linear polymer
chain reads:
Z(S) =
∫
D~r(s)e
− 1
2
S∫
0
(d~r(s)ds )
2
, (16)
here
∫
D~r(s) denotes functional path integration over all possible trajectories that start
at the origin and are of length S.
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Within the framework of this model it is possible to calculate some of the universal
conformational properties of polymer structures. For example, the mean-squared
gyration radius as defined by (2), within the frames of the continuous model is given
by:
〈R2g〉 =
1
2S2
〈∫ S
0
dz1
∫ S
0
dz2(~r(z2)− ~r(z1))2
〉
. (17)
Here, z1 and z2 the so called restriction points [48] and 〈(. . .)〉 denotes an averaging over
all possible trajectories with the Hamiltonian (15):
〈(. . .)〉 =
∫
D~r(s) e−H(. . .)
Z(S)
. (18)
Peculiarities of architecture of any complex polymer structure, containing branching
points and closed loops, can be taken into account in the partition function by
introducing the corresponding set of δ-functions [22]. Also, one has to take into account
that the linear strands within such complex structures can be treated as trajectories of
various Si. The simplest polymer architectures are presented by structures at c = 0.4
(see Fig. 1), for which a certain number f of strands starts from the common branching
point (the so-called star-like polymer) [8]. The corresponding partition function can be
presented as:
Z1({Si}) =
∫
D~r(s)
f∏
i=1
δ(~ri(0)) exp(−
f∑
i=1
Hi), (19)
Figure 6. Schematic presentation of polymer structures, corresponding to graphs
shown on Fig. 1 within the frames of the continuous chain model. Each line denotes
a path of length Si.
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where Si is a length of ith strand, Hi being an effective Hamiltonian of the ith strand:
Hi =
1
2
∫ Si
0
(
d~ri(s)
ds
)2
. (20)
The product of δ-functions in (19) ensures the star-like structure of a set of f polymer
chains: all of them start at the same core point ~ri(0) = 0. Keeping the parameters Si
different allows us to describe chains of different lengths, as further explained below.
Let us start with the case c = 0.4 in Fig. 1. We notice, that within the continuous
chain model, the corresponding structures can be described as follows: structure (1)
contains four strands of equal length; structure (2) contains two strands of equal length
and one strand twice larger; structure (3) corresponds to a single linear strand. Let
us introduce S =
∑4
i=1 Si as the total length. Thus, structure (1) corresponds to the
star-like polymer with f = 4 and all strands of equal lengths Si = S/4, structure
(2) corresponds to f = 3 strands, one of them is two times longer than the others
(S1 = S2 = S/4, S3 = 2S1 = S/2), and structure (3) is a single chain (f = 1) of length
S. In the upper panel of Fig. 6 we give schematic representation of these structures.
The structures (1), (3)-(5) in Fig. 1 with c = 0.5 contain a loop of certain length S0
and f linear strands expanding from the same junction point, so that S0 +
∑f
i=1 Si = S.
In general, the partition function of such structures is given by:
Z2({Si}) =
∫
D~r(s)
f∏
i=1
δ(~ri(0)) δ(~r0(S0)− ~r0(0)) exp(−
f∑
i=0
Hi). (21)
Here, the second δ-function ensures the closed loop structure of the 0th strand: it starts
and ends at the same point ~r0(S0) = ~r0(0). Thus, structure (1) at c = 0.5 corresponds
to f = 2 and S1 = S2 = S/5, S0 = 3S1 = 3S/5; structures (3) and (4) contain
single linear strand (f = 1) with lengths correspondingly S1 = 2S/5, S0 = 3S/5 and
S1 = S/5, S0 = 4S/5; and structure (5) is a single loop (ring polymer) of length S0 = S,
f = 0 (see the middle panel of Fig. 6).
The remaining structure (2) at c = 0.5 is considered separately since it contains
two branching points. Corresponding partition function reads:
Z3({Si}) =
∫
D~r(s)
3∏
i=1
δ(~ri(0))δ(~r3(S3)− ~r2(S2))×
× δ(~r3(S3)− ~r4(0)) exp(−
4∑
i=0
Hi), (22)
where S1 = S2 = S4 = S/5, S3 = 2S/5. The function δ(~r3(S3) − ~r2(S2)) describes the
fact that trajectories number two and three end at the same point, and δ(~r3(S3)− ~r4(0))
ensures that the fourth trajectory starts at that point too.
Finally, let us consider the case c = 0.6 in Fig. 1. Corresponding structures in
continuous chain model representation are given in the lower panel of Fig. 6. The
structure (1) is described by the partition function:
Z4({Si}) =
∫
D~r(s)
3∏
i=1
δ(~ri(0)) δ(~r3(S3)− ~r1(S1)) δ(~r3(S3)− ~r2(S2))×
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(a) (b)
(d) (e) (f)
(g) (h) (I)
Figure 7. Diagrammatic presentation of contributions into 〈ξ(~k)〉 of the polymer
structure (3) at c = 0.6 (as shown in Fig. 6). The solid line on a diagram is a schematic
presentation of a polymer path of length Si, and bullets denote the so-called restriction
points z1 and z2.
× δ(~r3(S3)− ~r4(0)) exp(−
4∑
i=1
Hi), (23)
with S1 = S2 = S/3, S3 = S4 = S/6. The structure (2) contains two connected loops
and is described by:
Z5({Si}) =
∫
D~r(s)
2∏
i=1
δ(~ri(0)) δ(~r1(S1)− ~r2(S2)) exp(−
2∑
i=1
Hi), (24)
with S1 = S2 = S/2. The partition function for structure (3) reads:
Z6({Si}) =
∫
D~r(s)
3∏
i=1
δ(~ri(0))δ(~r1(S1)− ~r2(S2))δ(~r3(S3)− ~r4(S4))×
× δ(~r2(S2)− ~r4(0))δ(~r3(S3)− ~r5(0)) exp(−
5∑
i=1
Hi)
(25)
with S1 = S/3, S2 = S3 = S4 = S5 = S/6. Structures (4) and (5) look identically and
are described by the partition function
Z7({Si}) =
∫
D~r(s)
3∏
i=1
δ(~ri(0)) δ(~r3(S3)− ~r1(S1)) δ(~r3(S3)− ~r2(S2))×
× exp(−
3∑
i=1
Hi). (26)
For structure (4) one should take S1 = 2S/3, S2 = S/3, S3 = S/6, whereas for structure
(5): S1 = S2 = S/3, S3 = S/3.
As we have already mentioned above, although the continuous chain model
enables description of polymers of any architecture, in practice the calculations become
cumbersome with growing complexity of the polymer architecture. Therefore, below we
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display results only for the polymer architectures described by the partition functions
Z1({Si})-Z7({Si}), Eqs. (19), (21)-(26) and shown in Fig. 6.
To evaluate the gyration radii of polymer structures described above, we generalize
the definition (17) as follows:
〈R2g,n〉 =
1
2S2
〈
fn∑
i,j=1
∫ Si
0
dz1
∫ Sj
0
dz2(~ri(z2)− ~rj(z1))2
〉
, n = 1, . . . , 7. (27)
Here n numerates the structures classified by the partition functions as given by
Eqs. (19), (21)-(26), fn is the number of strands in the corresponding structure and
S =
∑fn
i=1 Si is the total length. The radius of gyration (27) can be calculated using the
identity
(~ri(z2)− ~rj(z1))2 = −2d ∂
∂|k|2 ξ(
~k)
∣∣∣
k=0
, ξ(~k) ≡ ei~k~ri(z2)−~rj(z1), (28)
with d being the space dimension, and evaluating 〈ξ(~k)〉 in the path integration
approach. In calculation of the contributions into 〈ξ(~k)〉 it is convenient to use the
diagrammatic presentation as given in Fig. 7. According to the general rules of diagram
calculations [48], each segment between any two restriction points za and zb bears a
wave vector ~qab. It is given by a sum of incoming and outcoming wave vectors, which
are injected at corresponding restriction points. At these points, the flow of wave
vectors is conserved. A factor exp (−~q 2ab(zb − za)/2) is associated with each segment.
An integration is performed over all independent segment areas and over wave vectors
injected at the end points. An example of diagram evaluation is given in the Appendix.
As a result, we obtained expressions for the gyration radii 〈R2g,n〉, corresponding to
partition functions Zn({Si} above:
〈R2g,1〉 =
d
(
∑f
i=1 Si)
2
(
f∑
i=1
S3i
6
+
f∑
j 6=i=1
S2i Sj
2
)
, (29)
〈R2g,2〉 =
d
(S0 +
∑f
i=1 Si)
2
(
S30
12
+
+
f∑
i=1
(
S3i + SiS
2
0
6
+
S2i S0
2
+
f∑
j 6=i=1
S2i Sj
2
))
, (30)
〈R2g,3〉 =
d
12(
∑4
i=1 Si)
2(S2 + S3)
(
2(S1 + S4)
3(S3 + S2)+
g1 g2 g3 g4 g5 g
c = 0.4 5/8 13/16 1 - - 179/200
c = 0.5 23/50 123/250 151/250 61/125 1/2 957/1850
c = 0.6 97/288 3/8 13/36 139/396 1/3 949/2706
Table 3. Our results for the size ratios of various polymer network topologies
presented in Fig. 1, obtained within the continuous chain model
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+6(S3 + S2)
2(S21 + S
2
4)
+12S1S2S3S4 + (S3 + S2)
4 + 2(S3 + S2)
3(S1 + S4)
)
, (31)
〈R2g,5〉 =
d(S1 + S2)
8
, (32)
〈R2g,6〉 =
d
(
∑5
i=1 Si)
3
(
S31
12
+
S32
12
(S3 + S4)
3
12
+
S35
6
+
+
1
6
(S3 + S4)
2(S1 + S2) +
1
6
(S3 + S4)(S
2
1 + S
2
2)
+
1
6
(S21S2 + S1S
2
2) +
S25
2
(S1 + S2 + S3 + S4) +
+
S1S2(S3 + S4)(S1 + S2 + S3 + S4)
2
12(S1S2 + (S1 + S2)(S3 + S4))
+
S5(S1S2 + S3S4)(S1 + S2)(S3 + S4)
2(S1S2 + (S1 + S2)(S3 + S4))
+
+
S5(S1S2(S
2
3 + S
2
4) + 2S3S4(S1 + S2)
2)
2(S1S2 + (S1 + S2)(S3 + S4))
+
S5((S
3
1 + S
3
2)(S3 + S4)) + S
3
1S2 + S1S
3
2
6(S1S2 + (S1 + S2)(S3 + S4))
)
, (33)
〈R2g,7〉 =
d
(
∑3
i=1 Si)
2
(
3∑
i=2
(
S3i
12
+
SiS
2
1
2
+
3∑
j 6=i=1
S2i Sj
6
)
+
+
S2S3S1(S2 + S3 + S1)
2
12(S2S3 + S2S1 + S3S1)
)
. (34)
To evaluate the size ratios, defined for each structure by (4), we divide corresponding
〈R2g,n〉 from expressions above by the value of the gyration radius of a linear polymer
chain with the same total length S given by 〈R2g〉chain = Sd6 . As an example, let us
consider the structure (2) at c = 0.5, with the gyration radius given by Eq. (31).
Substituting S1 = S2 = S4 = S/5, S3 = 2S/5 into 〈R2g,3〉, we obtain the ratio:
〈R2g,3〉
〈R2g〉chain
=
123
250
. (35)
Note that for the structure (1) at c = 0.4 we reproduce the known value of the size
ratio of a star polymer as given by Eq. (5) at f = 4:
〈R2g,1(f = 4, Si = S/4)〉
〈R2g〉chain
=
5
8
, (36)
for structure (5) at c = 0.5 the size ratio (6) is obtained:
〈R2g,2(f = 0, S0 = S, S1 = S2 = 0)〉
〈R2g〉chain
=
1
2
, (37)
whereas structure (2) at c = 0.6 restores rosette structure with the size ratio given by
Eq. (7) at f1 = 2, f2 = 0:
〈R2g,5〉
〈R2g〉chain
=
3
8
. (38)
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The exact results for the size ratios for the rest of the structures were unknown so
far, we summarize all of them in table 3. Also we note that for all structures under
consideration the analytic results are in perfect agreement with the numerical data,
obtained within the frames of Wei’s method as presented in the previous subsection.
4. Conclusions
In this paper, we proposed the model of a random polymer network, formed on the
base on Erdo¨s-Re´nyi random graph [41]. In the language of mathematical graphs, the
chemical bonds between monomers (junction points of networks) can be treated as
vertices, and their chemical functionalities as degrees of these vertices. Being sufficiently
simple, such a model captures main features of polymer networks: their connectivity
and relatively small values of node degrees that correspond to chemical valencies of
separate monomers.
We consider graphs with fixed number of vertices N = 5 and variable parameter c
(“connectedness”), defining the total number of links L = cN(N−1)/2 between vertices.
We were interested only in the connected configurations, presented schematically in Fig.
1. Each link in such graphs was treated as a Gaussian polymer chain with a number of
monomers l, and each vertex with degree k > 1 as a junction point, so that the resulting
graph contained M = N + L× l vertices.
We evaluated the size and shape properties of the set of resulting Gaussian polymer
structures both numerically, applying Wei’s method and analytically, within the frames
of the continuous chain model. Wei’s method is applicable for analysis of connected
network of any (complex) topology, if the Kirchhoff matrix and its eigenvalues are
defined. The continuous chain model allows to obtain exact results of Gaussian polymer
structures, but it encounters technical limitations with increasing the complexity of
polymer network architecture. Thus, the latter method have been applied in the paper
only to some simple structures depicted in Fig. 6. An advantage of application of both
approaches allows us to confirm the accuracy of results obtained by Wei’s method for the
cases, where exact results are still unknown. Our results for asphericity 〈A3〉 and size
ratio g of polymer structures with different connectedness c are presented in Tables 1, 2,
3. We note, that the averaged asphericity increases with decreasing the connectedness c
of corresponding graphs. The size ratio increases with decreasing parameter c: at large
c values, the polymer structures are more compact, whereas at smaller c they become
more elongated.
In forthcoming studies, we plan to use the suggested model to analyze polymer
networks with higher numbers of branching points.
5. Appendix
Here, we give details of calculation of the expressions, that contribute to 〈ξ(~k)〉 at
c = 0.6. We consider in more details diagram (d) as given in Fig. 7. The diagram is
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S4
S3
S2
k
q2 q1
z2
z1
S1
S5
Figure 8. Example of diagrammatic contribution into the gyration radius of polymer
structure (3) at c = 0.6, see Fig. 6.
presented in Fig. 8. Here, the bullets represent positions of restriction points z1, z2 and
the red line shows the area which bears the wave vector ~k. According to the rules of
diagrammatic technique [48], this area contributes a factor ~qx
2
2
(x1 − x2) where ~qx is a
sum of all vectors that pass between points x1 and x2 on a polymer line. Wave vectors
~q1, ~q2 appear due to the Fourier transform of δ-functions, corresponding to two closed
loop structures. The analytic expression corresponding to the diagram thus reads:
D(z1, z2, ~k) =
1
Z6
∫
~q1
∫
~q2 exp
(
−~q
2
1
2
z1 − ~q
2
2
2
(S4)−
+
(~k + ~q1)
2
2
(S2 − z1)−
)
(
(~k + ~q1 + ~q2)
2
2
(z2)− (~q1 + ~q2)
2
2
(S3 − z2)
)
. (39)
Integration over the wave vectors ~q1, ~q2 leads to:
D(z1, z2, ~k) = exp
(
−
~k2
2
(
S2 − z1 + z2 − (S2 − z1 + z2)
2
S2 + S3
−
− (z2S2 + S3z1 − S3S2)
2
(S2S3 + S2S4 + S3S4)(S2 + S3)
))
(40)
Taking derivative over |k|2 according to (28) gives us
D(z1, z2) = S2 − z1 + z2 − (S2 − z1 + z2)
2
S2 + S3
−
− (z2S2 + S3z1 − S3S2)
2
(S2S3 + S2S4 + S3S4)(S2 + S3)
. (41)
The resulting contribution of the present digram into the expression for the gyration
radius is obtained by integration over positions of the restriction points z1, z2 according
to (17). The resulting expression reads:
D =
1
6
(S22S3 + S
2
2S4 + S2S
2
3 + 3S2S3S4 + S
2
3S4)S3S2
S2S3 + S2S4 + S3S4
. (42)
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